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Abstract

This paper describes a new method for numerical modeling of extraction of high-current ion beams from a plasma

source. The challenge in the application is to satisfy simultaneously requirements for space-charge-limited flow and uni-

form ion flux. The plasma surface must assume a special shape that is not known in advance. The method involves the

use of finite-element techniques coupled with a dynamic conformal mesh. Starting from an initial estimate, the flexible

mesh is shifted to achieve uniform flux over the emission surface. The approach achieves high accuracy and has the

versatility to handle complex emission surfaces in gridded guns. In contrast to trial-and-error approaches, the method

proceeds directly to the optimum solution. The technique can also be applied to determine cathode shapes for uniform-

flux electron guns. Benchmark calculations using the Trak two-dimensional ray-tracing code are described. The

program automatically carries out the surface search.

� 2004 Elsevier Inc. All rights reserved.
1. Introduction

Ray-tracing codes [1–6] are standard tools for the design of steady-state, high-current electron guns. The

programs represent a beam by a finite number Np of model particles. The particles follow the trajectories of

individual electrons but carry a fraction �1/Np of the beam charge and current. The first stage in the iter-

ative procedure is to calculate applied electric and magnetic fields and to trace the model-particle orbits,

assigning beam charge and current to the mesh. The fields are updated to reflect the beam contributions,

and then orbits are recalculated. With several iteration cycles and proper averaging, the fields and orbits
converge to a self-consistent solution.
0021-9991/$ - see front matter � 2004 Elsevier Inc. All rights reserved.
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The design of ion guns with plasma sources poses an additional challenge. While the source shape for

electron extraction from a thermionic cathode is specified, the surface for ion extraction from a freely-

expanding plasma is not known in advance. The surface position is determined by the balance between

incoming ion flux and space-charge-limited current density. For a given extractor geometry, there is a un-

ique surface shape that simultaneously satisfies the Child law and ensures that the space-charge-limited cur-
rent density is uniform.

Existing computer codes [7–11] for ion-beam generation apply finite-difference techniques on static box

meshes and use particle-selection methods to satisfy plasma conditions. This paper describes a new ap-

proach that uses finite-element techniques with a dynamic conformal mesh. Here, the mesh flexes in re-

sponse to the local space-charge-limited current density, adjusting the emission surface to a shape that

guarantees uniform extracted ion flux. The method preserves the accuracy advantage of conformal meshes

for field calculations near slanted or curved surfaces. Furthermore, the versatile conformal mesh approach

is not limited to simple curves and can be applied to gridded guns. The method is also useful for electron
gun calculations where the goal is to determine a surface shape the ensures uniform current density. The

following section reviews methods to treat Child-law emission on a conformal mesh and the nature of

the plasma source surface (often called the plasma meniscus). Section 3 details the steps in the computa-

tional procedure while Section 4 summarizes baseline calculations performed with the Trak code [6].
2. Space-charge limited ion emission from a plasma surface

This section briefly reviews the numerical calculation of space-charge-limited flow and the nature of the

plasma source surface. Reference [12] gives a detailed discussion of Child-law emission, the Bohm current

density and the formation of a plasma meniscus.

The fundamental difficulty in a numerical calculation of space-charge-limited flow is that the electric field
approaches zero on the source surface. Therefore, it is impossible to initiate numerical orbit integrations.

The standard approach is to generate particles on a virtual emission surface a short distance De from the

source surface. The electric field always has a non-zero value on the emission surface. Model particles are

assigned two quantities: (1) a momentum based on the electrostatic potential difference between the source

and emission surfaces and (2) a current based on application of the Child law over the thin gap. Reference

[13] describes an emission-surface procedure that is well-suited to conformal meshes. The method achieves

high accuracy by initially back-projecting particle orbits to assign space-charge in the space between the sur-

faces. In a Pierce-diode benchmark simulation, the technique demonstrates an absolute accuracy in emitted
current better than 0.03%. The technique is applicable to ion extraction for a specified plasma surface shape.

Proceeding to ion extraction, we must first define the term free plasma surface. Assume that plasma ions

generated by a source expand in a field-free region through an aperture into an acceleration gap with an

applied electric field (Fig. 1). The source surface is the transition between the field-free plasma environment

and the vacuum flow region. Its location is determined by a balance between the plasma ion flux (which we

shall denote by an effective ion current density jp) and the vacuum current density jC governed by the Child

law. In the one-dimensional geometry shown in Fig. 2, the space-charge-limited current density for ions

with charge-state Zi and mass mi in a gap of width d and applied voltage V0 is given by the expression [14],
jC ¼ 4�0
9

ffiffiffiffiffiffiffiffiffi
2Z ie
mi

s
V 3=2

0

d2
: ð1Þ
If the ion flux exceeds the vacuum current limit (jp > jC), then the plasma expands to reduce the gap

width d until flux balance is achieved,
jp ¼ jC: ð2Þ



Fig. 1. Terminology for and schematic geometry of an ion gun with a plasma source.

Fig. 2. Factors that determine the plasma source location, one-dimensional model.
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In this case, the source surface in Fig. 2 would move to the right. Conversely, if jp < jC the surface recedes

to the left. In most plasma sources for ion generation, the ion temperature is much smaller than the electron

temperature (Te). In this case, the available ion current density is given by the Bohm expression,
jp ffi 0:6eZ ini
ffiffiffiffiffiffiffi
kT e

p
=mi: ð3Þ
In two-dimensional calculations we adopt the baseline assumption that the plasma is homogenous so

that jp is uniform over the source surface. This condition sets the goal of a plasma extraction-surface cal-

culation: for given applied voltages and surrounding electrode geometries, find the source-surface shape

that guarantees a uniform value of jC. A critical concern is the nature of the source surface at the triple

point: the intersection of the plasma, the aperture electrode and the vacuum acceleration region (Fig. 1).

Fig. 3(a) shows the desired condition where the values of jp and jC at the triple point allow a smooth

connection of the source surface to the focus electrode. A reduction in jp from this value would cause

the plasma surface to move into the aperture. If the surface could recede at the triple point, the focus



Fig. 3. Shape of the plasma surface at the triple point and its effect on edge ion orbits. (a) Balance of plasma ion flux and space-charge-

limited current density. (b) Low plasma flux. (c) High plasma flux.
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electrode would act as an electrostatic shield giving a large reduction in jC at the beam edge. The implica-

tion is that the plasma surface is effectively tied to the aperture at the triple point. A low value of jp gives a

distorted source surface (Fig. 3(b)) with attendant poor extracted beam optics. Conversely, a value of jp
above the optimum causes the plasma to bulge into the extraction gap giving in a divergent beam (Fig.

3(c)). It is important to recognize that the uniform-flux surface of Fig. 3(a) with its corresponding matched

value of jp is uniquely determined by the applied voltages and shapes of surrounding electrodes. The solu-

tions of Fig. 3(b) and (c) do not have uniform space-charge-limited flux. Two-dimensional processes must
occur within the plasma to satisfy conditions for equilibrium.

In summary, we shall apply the following constraints to define the optimum plasma emission surface:

� The value of jC must be uniform.

� The plasma surface must connect smoothly to the focus electrode at the triple point.

The combination of the two conditions with specified electrodes and applied voltages defines: (1) a

unique plasma surface shape and (2) a required value of the plasma flux jp.
Fig. 4 illustrates the nature of the plasma meniscus in a two-dimensional extractor. The figure shows an

ion gun with a planar cathode and a focus electrode inclined at the angle h = 22.5�. The geometry approx-

imates the ideal Pierce diode [15] with the exception of the cathode shape. Therefore, we expect that the

self-consistent plasma surface will approximate a plane connected to the triple point and that the matched

plasma flux jp will be close to the value predicted by Eq. (1). Suppose we increase the focus-electrode angle

(Fig. 5(a)). The extra metal reduces the electric field on the outer edge of the aperture, suppressing the

space-charge-limited current density. Therefore, ion emission would be nonuniform over a flat source sur-

face. To ensure uniform flux the plasma meniscus must assume a concave shape that reduces the current
density near the axis. Conversely, a shallow focus-electrode angle (h < 22.5�) results in enhanced field at

the aperture edge. Here the plasma bulges into the acceleration gap to increase current density near the axis

(Fig. 5(b)). The examples suggest a procedure for the design of a practical ion gun:

� Starting from the approximate Pierce solution with flat emission surface we add an exit aperture at the

cathode. The aperture reduces the electric-field amplitude on the plasma surface near the axis. With no

other changes, the plasma would protrude into the acceleration gap.

� We increase the angle of the focus electrode (h > 22.5�) to suppress emission near the edge, thereby flat-
tening the plasma surface.



Fig. 4. Calculation of ion extraction from a plasma surface for an injector with a planar cathode and focus electrode inclined at the

Pierce angle, h = 22.5� (dimensions in cm).

Fig. 5. Calculations of plasma surface shape and ion extraction for different values of the focus electrode angle. (a) h = 30.0�.
(b) h = 15.0� (dimensions in cm).
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� A further increase in the focus electrode angle would give a concave plasma surface and hence a converg-

ing beam. In this case, it is possible to use a smaller aperture, reducing the effect on field uniformity over
the source surface.
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� Additional changes in the shapes of the focus electrode, cathode and (possibly) intermediate electrodes

can lead to a beam with the desired characteristics. The solution also constrains the required value of

source flux for given applied voltages.
3. Computational procedure

The discussion in this section and the examples in the following section are based on Trak [6], a two-

dimensional ray-tracing code that employs a structured conformal triangular mesh. The method can be ex-

tended to three-dimensional calculations and to other conformal mesh types. The first step in a solution is

to generate a mesh that represents the gun geometry. Information must be included that enables the ray-

tracing program to identify the following: (1) nodes and element facets of the plasma source surface and
(2) surrounding nodes that can be shifted in response to surface flexing. Fig. 6 shows features of an input

mesh for Trak. It includes a region of non-zero volume to represent the plasma. The region must have en-

ough depth (i.e. number of elements parallel to the flex direction) to accommodate surface displacements.

The initial shape of the plasma surface is a guess (usually a flat surface) that connects smoothly at the triple

point. Shared nodes along the intersection of the plasma and focus electrode are assigned to the electrode

region so that the shape of the metal surface does not change. The mesh is used for a calculation of the

initial electric field solution that is passed to the ray-tracing program. In the electrostatic solution both

the plasma and the focus electrode are treated as fixed-potential regions with the same applied voltage.
At the beginning of the run Trak inspects the mesh to identify facets and nodes of the source surface

(Fig. 6). Source facets lie between an element with the plasma region number and one with the region num-

ber of vacuum. The ends of the facets define the flexible plasma surface nodes (with the exception of the

node at the triple point). The program orders source facets to form a connected set with respect to distance

from the axis for the calculation of the effective area associated with each model particle. The program then

determines a set of unit vectors normal to the source facets that point out of the plasma region. The vectors
Fig. 6. Trak structured conformal triangular mesh, showing plasma surface nodes and facets.
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are projected a distance De to define the nodes and facets of the emission surface for the Child-law calcu-

lation. Trak then generates one or more model particles per emission facet and performs the standard

calculation of space-charge-limited flow using the method of [13].

After the space-charge solution stabilizes, Trak calculates the current density on the source facets by

averaging model particle currents at the emission surface. The current density at the source surface is deter-
mined by back-projection with compensation for curvature. The calculated values have small variations

over a length on the order of the mesh element size because of systematic errors in the field interpolation.

Therefore, it is essential to smooth the spatial variation of current density along the surface to prevent the

unstable growth of surface ripples during the adjustment. The standard version of Trak applies a least-

squares-fit to an eighth-order polynomial in r, suitable for relatively-simple surface shapes. Only even terms

are included if the plasma surface intersects the axis of symmetry. The fit is weighted by r for cylindrical

solutions. The value of emitted current density at each surface node (jn) is computed by averaging the values

on adjacent facets. The program also computes node unit vectors by averaging vectors of adjacent source
facets. The position of each node is moved along the corresponding unit vector a distance D given by
D ¼ ad
2

1� jn
jout

� �
: ð4Þ
Eq. (4) follows from the scaling of Eq. (1). The quantity d is the width of the acceleration gap, a is a

safety factor to ensure stability and jout is the current density on the source facet adjacent to the triple point.

Normalizing displacements to jout ensures that the plasma surface intersects the triple point at a small angle.

Note that the direction of the shift in Eq. (4) is away from the acceleration gap (into the plasma) when

jn > jout. In this case, the shift gives a local reduction in the space-charge-limited current density.

After displacement of the source nodes, the positions of neighboring plasma and vacuum nodes must be

adjusted to preserve element integrity. Trak employs an iterative mesh relaxation procedure where nodes
are shifted toward the average position of the six neighboring nodes. After mesh relaxation, the program

checks for inverted elements and makes local corrections to the element nodes. The extensive error checking

ensures robust code operation. After surface node shifts and mesh corrections, Trak computes normal vec-

tors for the modified plasma surface and constructs a new emission surface. The program then carries out

several standard orbit-field iteration cycles to find a space-charge-limited emission solution for the new

source geometry. Trak then uses the stable solution to make further corrections to the source surface

according to Eq. (4). An accurate solution typically requires 4–8 surface corrections.

The model has some physical limitations. It does not apply to systems with a strong magnetic field trans-
verse to the extraction direction (i.e. magnetically-insulated ion diodes, transverse extraction from a Pen-

ning source,. . .). In this case, the condition jp = jC may not hold. On the other hand, the procedure can

give useful information when the source (such as a duoplasmatron) has sufficient shielding to isolate the

magnetic field from the extraction surface. The model also does not hold for sources that produce a mixture

of ion species or charge states. In this case, the behavior of the extraction sheath is more complex than the

simple Child-law description. For example, with multiple charge states the electrostatic sheath may have a

complex variation of potential leading to preferential extraction of high-charge-state ions.
4. Benchmark calculations

The Trak code was used to calculate the surfaces illustrated in Fig. 4 and 5. The geometry in Fig. 4

approximates an ideal Pierce gun, with the exception that the cathode is a plane rather than a shaped sur-

face that curves away from the anode. The cylindrical injector has an aperture radius of 2.0 cm and gap of

width d = 4.0 cm. The simulation used an element width of 0.050 cm near the source and an emission

surface spacing of De = 0.075 cm. There were 40 source facets and 80 model particles. With four surface
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adjustments, Trak calculated a current density of 402.6 A/m2 uniform to within 0.06% over the surface. For

comparison, the prediction of Eq. (1) is slightly lower as expected, jC = 380.5 A/m2. The uniform-current-

density surface was slightly convex, protruding a distance 0.009 cm at the axis. Similar parameters were

used for the examples of Fig. 5(a) and (b) where the focus electrode angles were h = 30� and h = 15�.
For these geometries the current density was nonuniform on the initial flat surface. Fig. 7(a) shows the
initial and corrected radial variations of current density for the solution of Fig. 5(a). Fig. 7(b) shows the

convergence history with the number of orbit-field iteration cycles. The plotted quantity is the
Fig. 7. Calculation for the geometry of Fig. 5(a) with five surface adjustments. (a) Radial variation of smoothed current density, initial

(flat surface) and final. (b) Convergence of the calculation, root-mean-squared surface node displacement as a function of orbit-field

iteration cycle.



Fig. 8. Design for a multi-electrode deuteron injector showing one-half of a slot in a vertical array. A: focus electrode, B: plasma,

C: extractor electrode, D: Decel electrode, E: Ground electrode and neutralizing plasma. Dimensions in cm. (Courtesy, W. Cooper,

Lawrence Berkeley Laboratory).

S. Humphries Jr. / Journal of Computational Physics 204 (2005) 587–597 595
root-mean-squared average of source node displacements. Five surface adjustments were performed with

five intervening orbit-field iterations to stabilize the space-charge-limited flow solution.

To conclude, we discuss two solutions that illustrate practical applications of the technique. First, we

consider a multi-electrode deuteron injector designed at Lawrence Berkeley Laboratory (cited in [12], p.

326). Fig. 8 shows the geometry. The slot injector is part of a vertical array with field symmetry boundaries
at the top and bottom and a particle reflection boundary at the bottom. The accel–decel configuration pre-

vents the backflow of electrons from the downstream neutralizing plasma. The region on the right-hand

side represents a ground electrode and an assumed profile for the exit plasma. In the first calculation the

source plasma surface with 20 facets was assumed to be initially flat, intersecting the axis at z = 0.0 cm.

The mesh contained 7121 variable-potential nodes with an element width �0.0125 cm. The emission surface

displacement was De = 0.0175 cm. The simulation used 160 model particles with an initial angular spread of

15� at the emission surface. The calculation ran for 72 orbit-field iterations with 8 surface adjustments. The

run time was 282 s on a 2-GHz computer. The root-mean-squared surface shift was 0.0128 cm on the first
displacement and 0.00042 cm on the eighth. In the final state, the plasma surface had a concave shape the

surface position on axis was z = �0.0315 cm. Fig. 9 shows the initial and final states of the dynamic mesh

near the plasma surface. The current density on the initial flat surface varied from 3292 A/m2 at the center
Fig. 9. Detail of mesh near the plasma surface and triple point, example of Fig. 8. (a) Initial mesh with assumed flat plasma surface.

(b) Final flexed mesh for uniform current density.



Fig. 10. High-accuracy solution for the geometry of Fig. 8. Detailed view of the extraction region showing the calculated plasma

surface, equipotential lines and particle orbits. Note that deuterons are launched with an angular divergence of 15� (dimensions in cm).
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to 1798 A/m2 at the triple point. In the final state the current density on source facets was 2494 ± 22 A/m2,

corresponding to a uniformity better than 1 per cent.

The stretching of elements on the downstream side of the emission surface (Fig. 9(b)) reduces the accu-

racy of field interpolations. To achieve higher accuracy, a second solution was created using the first solu-

tion to improve the initial estimate of the plasma surface, giving more uniform element size in the final

state. The surface was represented as a cylindrical section that crossed the axis at z = �0.0315 cm. After

four cycles of surface correction, the code produced the smooth surface shown in Fig. 10 that crossed

the axis at z = �0.0274 cm. The current density in the final state was 2585 ± 3.4 A/m2 with a relative
variation between source facets of only 0.13%.

The second example is a design for proton injector at the Indiana University Cyclotron Facility (IUCF).

In this case, the ion gun has cylindrical symmetry. The Trak predictions for the electric field distribution,

plasma meniscus shape and extracted ion orbits are shown in Fig. 11. The ion flux consisted of H+ with a
Fig. 11. Cylindrical H+ ion gun designed at the Indiana University Cyclotron Facility (dimensions in mm).
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transverse temperature of about 2.0 eV. The two-stage calculation gave an average ion current density of

682 A/m2. The current density was uniform to within 1% over the surface. The predicted total current was

25.2 mA. Comparisons were made with calculations performed at IUCF [16] using the PBGuns code [4].

Setting the plasma flux to 682 A/m2 with a 2.0-eV ion temperature, the PBGuns prediction was quite close

to the Trak result. Both programs generated an envelope profile with a waist of radius 0.85 mm at a dis-
tance 21 mm from the emission surface. PBGuns gave an extracted beam current of 26.0 mA. In a second

run, the input plasma flux in PBGuns was set to 800 A/m2. If all incident ions were extracted, the predicted

current would be 26.0 · 800/682 = 30.1 mA. The code gave an extracted beam current of 29.1 mA, consist-

ent with the hypothesis that some ion reflection is necessary under mismatched conditions.

In summary, the flexible conformal-mesh technique can determine constant current-density surfaces in

planar or cylindrical geometries with high accuracy. In the Trak code, the mesh adjustment operations

are performed automatically, and the matched solution is generated with no trial-and-error. The only addi-

tional activity on the part of the user beyond setting up a standard space-charge calculation is to supply
values for the number of surface adjustments and the number of orbit-field cycles per adjustment.
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